Abstract-In this paper, we consider a two link planar robotic arm that transitions from free motion to contact with an unactuated mass-spring system. The objective is to control a robot from a non-contact initial condition to a desired (incontact) position so that the mass-spring system is regulated to a desired compressed state. The feedback elements for the controller in this paper are contained inside of hyperbolic tanget functions as a means to limit the impact forces resulting from large initial conditions as the robot transitions from a non-contact to contact state. New control development, closedloop error systems, and Lyapunov-based stability analysis arguements are used to conclude the result.
I. INTRODUCTION
The problem of controlling a robot during a non-contact to contact transition has been a historically challenging problem that is practically motivated by applications that require a robotic system to interact with the environment. Over the last two decades, results such as [1] - [19] have focused on control designs that can be applied during the non-contact to contact transition. One main theme in these results is the desire to prescribe, reduce, or control the interaction forces during or after the robot impact with the environment such as [1] - [11] , [20] because large interaction forces can damage both the robot and/or the environment or lead to degraded performance or instabilities.
Among [1] - [11] , [20] , two main approaches have been exploited to accommodate for the non-contact to contact transition. The first approach is to exploit kinematic redundancy of the manipulator to reduce the impact force [2] , [3] . The second approach is to exploit a discontinuous controller that switches based on the different phases of the dynamics as in [4] - [11] . Typically, these discontinuous controllers consist of a velocity controller in the pre-contact phase that switches to a force controller during the in-contact phase. Motivation exists to explore alternative methods because kinematic redundancy is not always possible, and discontinuous controllers require infinite control frequency (i.e., exhibit chattering) or yield degraded stability results (i.e., uniformly ultimately bounded).
In this paper, without loss of generality, we consider a two link planar robotic arm that transitions from free motion to contact with an unactuated mass-spring system. The robot/mass-spring system collision is modeled as a This research is supported in part by the NSF CAREER award CMS-0547448, and NSF project 0738091, AFOSR contract numbers F49620-03-1-0381 and F49620-03-1-0170, and AFRL contract number FA4819-05-D-0011.
C. Liang, S. Bhasin, K. Dupree, and W. E. Dixon are with the Department of Mechanical and Aerospace Engineering, University of Florida, Gainesville, FL, 32611, USA {chliang, sbhasin, kdupree, wdixon}@ufl.edu differentiable impact as in recent work in [12] , [15] and our previous efforts in [17] - [19] . As in our previous efforts in [17] and [18] , the objective is to control a robot from a noncontact initial condition to a desired (in-contact) position so that the mass-spring system is regulated to a desired compressed state. The focus of our previous work was to develop a continuous exact model knowledge [17] and adaptive controller [18] that could achieve the objective despite the impact collision disturbance. When these results were implemented in the presence of large initial conditions, a violent impact between the robot and the mass-spring system resulted, which forced us to artificially saturated our controller to protect our equipment. These results provide the motivation for the current control development. Specifically, the feedback elements for the controller in this paper are contained inside of hyperbolic tangent functions as a means to limit the impact forces. Although saturating the feedback error is an intuitive solution that has been proposed in previous literature (e.g., see [21] and the references within), several new technical challenges arise due to the impact condition. The main challenge is that this does not allow some coupling terms to be canceled in the stability analysis, resulting in semi-global stability. The semi-global result is problematic because certain control terms do not appear in the closed-loop error system during the non-contact condition, resulting in a uniformly ultimately bounded result until the robot makes contact. Hence, the result hinges on new development within the semi-global stability proof for an error system that is only uniformly ultimately bounded during the non-contact phase. This problem is exacerbated by the fact that the Lyapunov function contains radially unbounded hyperbolic functions of some states that only appear inside of saturated hyperbolic terms in the Lyapunov derivative. New control development, closed-loop error systems, and Lyapunov-based stability analysis arguments are used to conclude the result.
II. DYNAMIC MODEL
The subsequent development is motivated by the academic problem of a two-link planer robot colliding with an unactuated mass-spring. The dynamic model for the two-link planar robot can be expressed in the joint-space as
where q(t),q(t),q(t) ∈ R 2 represent the angular position, velocity, and acceleration of the robot links, respectively, M (q) ∈ R 2×2 represents the uncertain inertia matrix, C(q,q) ∈ R 2×2 represents the uncertain centripetal-Coriolis ThB09. 3 1-4244-1498-9/07/$25.00 ©2007 IEEE.
represents uncertain conservative forces (e.g., gravity), and τ (t) ∈ R 2 represents the torque control inputs. The Euclidean position of the end-point of the second robot link is denoted by x r (t) , [x r1 (t), x r2 (t)] T ∈ R 2 , which can be related to the jointspace through the following kinematic relationship:
where J(q) ∈ R 2×2 denotes the manipulator Jacobian. The unforced dynamics of the mass-spring system are
where x m (t),ẋ m (t),ẍ m (t) ∈ R represent the displacement, velocity and acceleration of the unknown mass m ∈ R, x 0 ∈ R represents the initial undisturbed position of the mass, and k s ∈ R represents the unknown stiffness of the spring. Assumption 1: We assume that x r1 (t) and x m (t) can be bounded as
where ζ x r ∈ R is a known constant, and ζ x m ∈ R + is a known constant. The lower bound assumption for x r1 (t) is based on the geometry of the robot, and the upper bound assumption for x m (t) is based on the physical fact that the mass is attached by the spring to some object which it will not be able to move past.
After premultiplying the robot dynamics by the inverse of the Jacobian transpose and utilizing (2), the dynamics in (1) and (3) can be rewritten as [17] , [18] M (x r )ẍ r +C (x r ,ẋ r )ẋ r +h(x r ) +
where F (t) , J −T (q)τ (t) ∈ R 2 denotes the manipulator force. In (5) and (6), F m (x r , x m ) ∈ R denotes the impact force acting on the mass that occurs when x r1 (t) ≥ x m (t) that is assumed to have the following form [12] , [15] 
where K I ∈ R + represents an unknown stiffness constant, and Λ(x r , x m ) ∈ R is defined as
The dynamic model in (5) exhibits the following properties that will be utilized in the subsequent analysis.
Property 1:
The inertia matrixM (x r ) is symmetric, positive definite, and can be lower and upper bounded as
where a 1 , a 2 ∈ R + are constants.
Property 2:
The following skew-symmetric relationship is satisfied
Property 3: The robot dynamics given in (5) can be linearly parameterized as
where θ ∈ R p contains the constant unknown system parameters, and Y (x r ,ẋ r ,ẍ r ) ∈ R 2×p denotes the known regression matrix.
Assumption 2: We assume that the mass and stiffness constants of the system can be bounded as
where
Remark 1: During the subsequent control development, we assume that the minimum singular value of J(q) is greater than a known, small positive constant δ > 0, such that max ©°°J −1 (q)°°ª is known a priori, and hence, all kinematic singularities are always avoided.
Property 4:
The following inequalities are valid for all
III. CONTROL DEVELOPMENT
A. Control Objective
The control objective is to regulate the states of the massspring, as well as to limit the impact force to prevent damage to the robot or the environment. A regulation error, denoted by e(t) ∈ R 3 , is defined to quantify this objective as
where e r (t) , [e r1 (t), e r2 (t)] T ∈ R 2 and e m (t) ∈ R denote the regulation error for the end-point of the second link of the robot and mass-spring respectively, and are defined as
In (16), x md ∈ R denotes the constant known desired position of the mass, and
denotes the desired position of the end-point of the second link of the robot. The subsequent development is based on the assumption that q(t),q(t), x m (t), andẋ m (t) are measurable, and that x r (t) andẋ r (t) can be obtained from q(t) anḋ q(t). To facilitate the subsequent control design and stability 46th IEEE CDC, New Orleans, USA, Dec. [12] [13] [14] 2007 ThB09.3
analysis, filtered tracking errors, denoted by η m (t) ∈ R and r r (t) ∈ R 2 , are defined as [22] η m =ė m + α 1 tanh(e m ) + α 2 tanh(e f ) (17) r r =ė r + αe r , where α, α 1 , α 2 ∈ R + are constant gains, and e f (t) ∈ R is an auxiliary filter variable designed as [22] 
where k 1 ∈ R + is a constant control gain, and α 3 ∈ R + is a constant filter gain.
B. Closed-Loop Error System
By taking the time derivative of mη m (t) and utilizing (6), (7), (16) , and (17), the following open-loop error system can be obtained:
To facilitate the subsequent analysis, the following notation is introduced [22] :
(20) After using (17) and (18), the expression in (19) can be rewritten as
where χ(e m , e f , η m , t) ∈ R is an auxiliary term defined as
The auxiliary expression χ(e m , e f , η m , t) defined in (22) can be upper bounded as
where ζ 1 ∈ R + is a bounding constant, and z(t) ∈ R 3 is defined as
Based on (21) and the subsequent stability analysis, the desired robot link position is designed as
x rd2 = ε.
In (25), ε ∈ R + is a constant, k 2 ∈ R + is a constant control gain, and the control gain k 1 ∈ R is defined as
where k n1 ∈ R + is a constant nonlinear damping gain. The parameter estimateθ dk (t) ∈ R in (25) is generated by the adaptive update law
In (27), Γ ∈ R + is a constant, and proj(·) denotes a sufficiently smooth projection algorithm utilized to guarantee thatθ dk (t) can be bounded as
where θ dk ,θ dk ∈ R denote known, constant lower and upper bounds for θ dk (t), respectively. After substituting (25) into (21), the closed-loop error system for η m (t) can be obtained as
In (29), the parameter estimation errorθ dk (t) ∈ R is defined asθ
The open-loop robot error system can be obtained by taking the time derivative of r r (t) and premultiplying by the robot inertia matrix as
where (5), (16) , and (17) were utilized, and Y r θ r =Mẍ rd + αMė r +h +Cẋ rd + αCx rd
where Y r (x r ,ẋ r , x m ,ẋ m , e f , η m , t) ∈ R 2×P denotes a known regression matrix, and θ r ∈ R P denotes an unknown constant parameter vector. By making substitutions from the dynamic model and the previous error systems,ẍ rd (t) can be expressed without a dependence on acceleration terms. Based on (30) and the subsequent stability analysis, the robot force control input is designed as
where k 3 ∈ R + is a constant control gain, andθ r (t) ∈ R P is an estimate for θ r generated by the following adaptive update law
In (32), Γ r ∈ R P ×P is a positive definite, constant, diagonal, adaptation gain matrix, and proj(·) denotes a projection algorithm utilized to guarantee that the i − th element of θ r (t) can be bounded as
where θ ri ,θ ri ∈ R denote known, constant lower and upper bounds for each element of θ r (t), respectively. The closed-loop error system for r r (t) can be obtained after substituting (31) into (30) as
In (34), the parameter estimation errorθ r (t) ∈ R P is defined asθ r = θ r −θ r .
IV. STABILITY ANALYSIS Theorem 1: The controller given by (25), (27), (31), and (32) ensures semi-global asymptotic regulation of the MSR system in the sense that |e m (t)| → 0 ke r (t)k → 0 as t → ∞ provided k 1 , k 2 are selected properly (See Proof) and the following sufficient gain conditions are satisfied:
where V u , λ ∈ R are known positive constants (See Proof), and (4), (9), (11), (17), (18), (25), (26), and (31).. where (9) and (13) can be utilized to bound V (t) as
where a 1 ∈ R is defined in (9), λ 1 , ζ θ ∈ R + denote known constants, andz ∈ R 7 are defined as where λ max {·} ∈ R denotes the maximum eigenvalue of a matrix, and ζ θ dk ,°°ζ θr°°a re the known upper bounds ofθ dk (t) and°°°θ r (t)°°°, respectively. After using (10) , (14), (17), (18), (26), (27), (29), (32), and (34), the time derivative of (39) can be determined aṡ
The expression in (42) will now be examined under two different scenarios.
Case 1-Non-contact: For this case, the systems are not in contact (Λ = 0) and (42) can be rewritten aṡ
Based on (11), (16), and (23), and after completing the square on several terms, the expression in (44) can be rewritten aṡ
where β ∈ R is defined as
provided k n1 is selected according to (36). Provided α 2 is selected according to the sufficient condition in (37), then (4), (12), (40), and the fact that
for the non-contact case, can be used to rewrite (45) aṡ
In (47), ε x ∈ R + is a known arbitrarily small constant that is defined as
Provided the following sufficient condition is satisfied
the expression in (47) can be expressed aṡ
where λ is a known constant and y ∈ R 5 is defined as
In (50), ε x can be made arbitrarily small by making α 2 large. Based on (39) and (50), if λ ky(t)k 2 > ε x , then
Barbalat's Lemma can be used to conclude thatV (t) → 0. (40), and (50) can be used to conclude that 46th IEEE CDC, New Orleans, USA, Dec. [12] [13] [14] 2007 ThB09.3 V (t) ∈ L ∞ , and the sufficient condition given in (49) can be expressed as
Based on (24) and (51), the fact that λ ky(t)k 2 ≤ ε x < λ can be used to conclude that e m (t), e f (t), e r (t), r r (t), η m (t) ∈ L ∞ . Sinceθ r (t) andθ dk (t) ∈ L ∞ from the use of a projection algorithm, the previous facts can be used to conclude that V (t) ∈ L ∞ . Signal chasing arguments can be used to prove the remaining closed-loop signals are also bounded during the non-contact case provided (49) is satisfied.
If the initial conditions for V (0) are large enough that λ ky(t)k 2 > ε x , then the condition in (52) is sufficient.
However, if the initial conditions for V (0) are inside the region defined by ε x , then V (t) can grow larger until λ ky(t)k 2 ≤ ε x . Therefore, further development is required to determine how large V (t) can grow so that the sufficient condition in (49) can be satisfied. When V (0) is inside the region defined by ε x , then
The expression in (53) can be used along with (24), (41), and (51) to conclude that
The inequality in (54) can be used along with (40) to rewrite the sufficient condition in (49) as
Hence, the final sufficient condition for (49) is given by (38) where V u ∈ R is defined as
That is, provided k n1 , α, α 2 , and k 3 are selected larger than known constants according to (36)-(38) then the all the states converge to an arbitrarily small neighborhood p εx λ . The previous development can be used to conclude that for the non-contact case ky(t)k → r ε x λ and hence,
Based on (56),
where ε f ∈ R + is a known constant as t → ∞ for the non-contact case.
Further analysis is required to prove that the manipulator makes contact with the mass-spring system and to achieve the control objective. Contact between the manipulator and the mass-spring system occurs when x r1 (t) ≥ x m (t). Based on (57), a sufficient condition for contact can be developed as
After using (25), the sufficient condition in (58) can be expressed as
By using (16) and (20) and performing some algebraic manipulations, the inequality in (59) can be expressed as
where θ dk (t) and θ dk (t) are defined in (28). From Assumption 1, e m (t) can be upper bounded as
where ε m ∈ R + denotes a known constant. If e m (t) ≤ 0, then the sufficient condition in (60) may not be satisfied. The condition that e m (t) ≤ 0 will only occur if an impact collision occurs that causes the mass to overshoot the desired position. However, even if an impact occurs and the mass overshoots the desired position, the dynamics will force the mass position error to return to the initial condition. That is, e m (t) → x md − x 0 > ε m where ε m ∈ R + denotes a known constant. Based on (62) and the fact that e m (t) will eventually be lower bounded by ε m in a noncontact condition, the inequality in (60) can be simplified as
Based on (63), the control parameter k 2 can be selected according to the following sufficient condition to ensure the robot and mass-spring system make contact
where k 1 is chosen as
Case 2-Contact: For the case when the dynamic systems collide (Λ = 1) and the two dynamic systems become 46th IEEE CDC, New Orleans, USA, Dec. [12] [13] [14] 2007 ThB09.3 coupled 1 , then (42) can be rewritten aṡ
where (11) was substituted for K I and (23) was substituted for χ(e m , e f , η m , t). Completing the square on the three bracketed terms yieldṡ
Because (39) is non-negative, as long as (36), (37), and (38) are satisfied, (66) is negative semi-definite, and r r (t), θ r (t),θ dk (t), e r (t), e m (t), e f (t), and η m (t) ∈ L ∞ . Due to the fact that e m (t), e f (t), and η m (t) ∈ L ∞ , the expression in (17) can be used to conclude thatė m (t) ∈ L ∞ (and hence, e m (t) is UC). Due to the fact thatė m (t) ∈ L ∞ ,ẋ m (t) ∈ L ∞ . Based on (4), x m (t) ∈ L ∞ . Previous facts can be used to prove that x rd (t) ∈ L ∞ , and since e r (t) ∈ L ∞ , then x r (t) ∈ L ∞ . Due to the fact that e f (t), e m (t), η m (t) ∈ L ∞ , (18) can be used to conclude thatė f (t) ∈ L ∞ . The expression in (19) can then be used to conclude thatη m (t) ∈ L ∞ (and hence, η m (t) is UC). Based on (17) and the fact that r r (t) and e r (t) ∈ L ∞ ,ė r (t) ∈ L ∞ . Also, based on (28) and the fact that x m (t), e m (t), e f (t), η m (t), andẋ m (t) ∈ L ∞ , the expression in (25) can be used to prove thatẋ rd (t) ∈ L ∞ . Based on the fact thatė r (t) andẋ rd (t) ∈ L ∞ , the expression in (16) can be used to prove thatẋ r (t) ∈ L ∞ . Given that x r (t),ẋ r (t), x m (t),ẋ m (t), e f (t), and η m (t) ∈ L ∞ , Y r (·) ∈ L ∞ . The expression in (31), (33) can then be used to prove that F (t) ∈ L ∞ . The expression in (34) can be used to conclude thatṙ r (t) ∈ L ∞ (and hence, r r (t) is UC). Barbalat's Lemma can be used to conclude that tanh(e m (t)), tanh(kr r (t)k), |η m (t)| → 0 as t → ∞, which also implies |e m (t)| , kr r (t)k → 0 as t → ∞. Based on the fact that kr r (t)k → 0 as t → ∞, standard linear analysis methods (see Lemma A.15 of [23] ) can then be used to prove that ke r (t)k → 0 as t → ∞.
V. CONCLUSION
In this paper, we consider a two link planar robotic arm that transitions from free motion to contact with an unactuated mass-spring system. An adaptive nonlinear Lyapunovbased controller with bounded torque input amplitudes is proven to regulate the states of the system. The feedback elements for the controller are contained inside of hyperbolic tangent functions as a means to limit the impact forces. The
